5 Linear regression

5.1 Linear regression

We are interested in the association between the number of hours of learning
per week and the score at the statistics exam. Say we know that the exam
result is distributed conditionally normal: Y|X ~ N(Sy + 51X, 0?).

e Read the parameter estimates from the output below. Interpret the
results - which null hypotheses are tested and how?

Call:
Im(formula = y ~ x)

Residuals:
Min 1Q Median 3Q Max
-20.683 -4.746 2.844 4.512 14.693

Coefficients:
Estimate Std. Error t value Pr(>|tl)
(Intercept) 19.2049 7.5172  2.555 0.033921 *
X 3.6850 0.6217 5.927 0.000351 *x*x*
Signif. codes: O ‘*x*x’> 0.001 ‘*x’ 0.01 ‘*’ 0.05 .’ 0.1 ¢ *> 1

Residual standard error: 11.44 on 8 degrees of freedom
Multiple R-squared: 0.8145, Adjusted R-squared: 0.7913
F-statistic: 35.13 on 1 and 8 DF, p-value: 0.0003508

The parameter estimates equal Bo = 19.2, Bl =3.7,0 = 11.4. We've
tested two null hypotheses: Hy;pne @ Bo = 0 in Hy : f1 = 0. We are usu-
ally only interested in the second one since it considers the association
between the variables in the population. To find the distribution of
this estimator, we could use the properties of the method of maximum
likelihood, but we do not need approximative distribution in this case.
Since the estimator is a linear combination of Y; and the Y; are i.i.d.
normal, the estimator is normally distributed. The standardized value
of the estimator using the standard error estimated from our data is
then distributed with ¢ distribution. The test statistic
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is distributed as ¢ with 8 degrees of freedom (we ’spent’ 2 df with the
estimation of SF). This is referred to as the Wald test.

e How would the null hypothesis Hy : 51 = 0 be tested with the general-
ized likelihood ratio test?
Hint: Whenever possible, use the results of the previous exercise
Consider first the estimates under the null hypothesis. Under the null
hypothesis, the average equals for all individuals (does not depend on
X), so the results of the previous exercise can be directly used by writ-
ing [y instead of p. The maximum under the null hypothesis thus
equals
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Under the alternative hypothesis, previous results can be used for the
estimation of o
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The likelihood function equals:
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1ts maximum is
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Wilks’ A equals
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The value of the maximum under the alternative is calculated by insert-
ing the estimated values of 8y and 3, to calculate the maximum under
the null, the 5y in the null model must be estimated. The resulting
value of A is distributed as x? under the null hypothesis.

Understanding the ideas in R:

e Let X be a uniformly distributed variable (between 0 and 20, rounded
dow), By = 15, f1 = 4, 0 = 10. Generate a sample of size 10, plot the
data using a scatterplot and add the estimated and the population line.

set.seed(1)
n <- 10

betal <- 15
betal <- 4

sigma <- 10
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x <- sort(x)

x <- floor (runif (n)*20)

#sample size

#values of x (rounded down)
#sort the values of x



> y <- rnorm(n,mean=betaO+betal*x,sd=sigma) #generirate from normal distr.
> plot(x,y) #scatterplot

> popul <- beta0 + betalx*x #population value of the line

> lines(x,popul,col="grey",lwud=2) #add to the plot (grey)

> fit <~ 1lm(y~x) #estimated line

> summary (fit) #look at the estimates

> betalh <- fit$coef[1] #estimated betal

> betalh <- fit$coef [2] #estimated betal

> prediction <- betaOh + betalh*x

> lines(x,prediction,lwd=2) #add the estimated line

e Find the result of the generalized likelihood ratio test for the simulated
example with R

> £it0 <- Im(y~1) #estimate the line under the null

> resO0 <- y - fitO$coef #residuals under the null

> resA <- y - betaOh - betalhx*x #residuals under the alternative

> 1logl0 <- -.b*n*log(sum(res0°2)) #loglik (without const. terms) under the null

> loglA <- -.b5*nxlog(sum(resA~2)) #loglik (without const. terms) under the altern.
> Lambda <- 2x(loglA-loglO) #Wilks’ lambda

> 1-pchisq(Lambda,1) #likelihood ratio test

[1] 4.048e-05

5.2 Linear regression with matrices

The values of the independent variables are united into the matrix X (design
matrix), the values of the outcome and the coefficient are represented by the
vectors Y and f:

1 11 ... Tip }/1 60
X = 1 oL ey Y2 ; 8= 6.1
1 Zpa oo Ty Y., By

Matrix X is of dimension n x (p+ 1), where p is the number of variables. If
constant is not included in the model, the first column of X can be omitted.



n
e Rewrite the sum Y Y;? in matrix form.
i=1

Yy

Y:
Y'Y =[% ¥ ... Y, ]|

=Y +Y2+.. . +Y?
Y

e What do we get with the matrix product X /37

1z Bo + Bz EM))
X5 = 1 513:2 [ g(l) ] _ Bo +:51$2 _ E(YQ) _ B(Y)

e The estimate with the least squares method in matrix form is given by

~

= (XTX)"'XTY. Show that for p = 1 the estimates equal:

n n n
Ny TYi— > Tiy, Yi
i=1 =1 =1

) 1=1 1=1 i=1 i=1
Bo

Calculate first X7 X:

1 I i
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T _ _ i=1
XX = Ty Ty ... T Do & LA
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The inverse of this 2 x 2 matrix equals:

1 El’g _Z$i

(XTX)fl — — - i:}n =1
nyat—(na) | ~Lw  n
i=1 i=1 i=1
Further, express X7Y:
Y1 “
Ty — 11 ... 1 Y, _ %:1 :
1 To ... Ty .Y,
Y, i=1
Putting all parts together, we get
1 _ POE DD .Y
(XTX)—IXTY — i:% i=1 };L:l
ny wi— (o x)? | — 2. n PENE
i=1 i=1 L =1 i=1
1 | %2 Y — Z Ty Z z;Y;
_ =1 =l =l =l
ny a2 — (@) | — 2wy Yitn) Y
i=1 i=1 L =1 =1 i=1

The upper line represents the estimate of 30, the lower the estimate of

b

Derive the least squares estimate in the matrix form.
You will need the following matrix algebra formulas:

(A+B)" = AT+ BT, (AT = A; (AB)T = BT AT,
OpTA A OBT AT AB
op 7 op

Hint: Write the expression we are trying to minimize? How is the sum
of squared residuals be written in matrix form?

— 24T AB




If the model contains only 1 variable, we are interested in the minimum

of

n

Z(Yi —Bo— 51%‘)2

i=1
In matrix form (regardless of the number of variables), we seek the
minimum of the function

(v = X8I (Y = XB) = (YT —FTXT)Y - XB)
YTY - BTXTY —YTXp+ BTXTX
YTy — 287 XTY + BTXTX 3,
Here we used the fact that (37 XTY)T = gL XTY | since it is a matrix
of size 1 x 1. Deriving with respect to
%(YTY —28TXTY + pTXTXB) = —2XTY +2XTXp

and equalling to 0 we get (assume that X7 X is nonsingular):

—2XTy +2XTXB = 0
XTXB = X'y
3 = (X"X)'XTy

Show that the coefficient estimates are unbiased (regard the values x
as fixed and thus not random).

ER) = X"X)"'XTE(Y) = (X"X)'XTXB=2
Derive the formula for the standard error of the estimated coefficients

in matrix form. Intuitively explain what the standard error of the co-
efficient 3; (for p = 1) depends on. Use the rule: var(cY) = ¢ varYc’.

var(f) = var[(XTX)7'XTY] = (X"X) " X TvarY [(XT X)L X7
A(XTX) ' XTX(XTX) ™ = 2(XTX)!

7



We’ve derived the variance-covariance matrix, variances are on the di-
agonal. The standard error SEj, equals

o2

SEs = {]——
. (XTX)5;

0?2 o
no?  ox\/n

Standard error of the coefficient always depends on the sample size n
and the variability of the data. The value o is the standard deviation
of the residuals around the line - the larger the value of o, the larger
our error can be when estimating the line. Note that the absolute size
of the residual variance is not the only important information here -
we need to know the variability of the residuals compared to the vari-
ability of the independent variable. Comparing two cases with equal
residual variance, the error shall be larger if the range of the indepen-
dent variable is smaller. In the case of our example: if our sample
contained only the individuals that were learning 3-5 hours, the asso-
ciation between the covariates (measured with correlation coefficient)
would seem smaller and the error in estimation larger.

Estimate the confidence interval for the predicted line in our example
(p =1)? What will such interval look like?
Calculate the standard error for each point separately.

var(f;) = var(By + Box:) = var(Bo) + z2var(By) + 2zicov(Bo, B1)
Matrix computation (for all points simultaneously):

var(Y) = var(X8) = Xvar(3)XT = o> X (X" X) ' X"
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Figure 1: The points in our sample and the estimated line with the 95%
confidence interval.

Say we are interested in how the number of hours learning and gen-
der (0O=female, 1=male) are associated with the exam score. Assume
a model that includes the interaction term. How would you check
whether the number of hours learning for men is associated with the
exam result? The fitted model can be written as:

Y = By + fisex + Bohours + [F3(hours * sex)

The null hypothesis we wish to test is Hy : S + 83 = 0.

To write in the matrix form, define a vector a? = [0,0,1,1], we are
interested in the null hypothesis Hy : a’3 = 0. The variance of a’ 3
equals var(a’ ) = aTvarfBa, Wald test can be used to check the null
hypothesis.

Understanding the ideas in R:

Write the data of the previous exercise in the matrix form, calculate
the least squares estimates and compare them to the output of the R
function 1m.

Estimate the standard error and compare it with R output

Plot the predicted line and add a confidence interval.

> X <- cbind(1,x)
> sigma <- summary(fit)$sigma



inv <- solve (t (X)%*%X)

mat <- X%*%invi*%t (X)

se <- sigma*sqrt(diag(mat))
betah <- c(betalOh,betalh)
plot(x,y)

lines(x,X%*%betah)

t8 <- qt(.975,8)
lines(x,X%*%betah - t8*se,col=2)
lines(x,X%*%betah + t8*se,col=2)

V VV V V V V V.YV

5.3 Linear regression assumptions

The basic linear regression model has four assumptions:
(a) Residuals are normally distributed around the regression line

(b) The residual variance does not depend on the values of the independent
variables (homoscedasticity)

(c) Residuals are independent
(d) The association between X and Y is linear

What happens with the estimates, there expected value, standard error and
confidence intervals if any of the first three assumptions is not met?

e What changes in the derivations if the residuals are not normally dis-
tributed?

The least squares estimate is no longer equal to the maximum like-
lihood estimate. If we still use the least squares estimate, both the
expression for the estimator and the standard error stay the same.
This estimator shall still be unbiased. But we cannot make any further
conclusions about the population values, since the distribution around
the true value is not known.

e What happens if the residual variance depends on x?

If the residual variance differs with respect to x, it must be expressed
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in the matrix form, for example:

w; 0 0 O

0 wy 0 0
YX=o0

0O 0 ... 0 w,

The variance does not affect the least squares estimator, but it does
affect the maximum likelihood estimator, the function to maximize now

equals —2(Y — XB3)TSHY — Xp):

(Y = Xp)TE (Y - Xj) =
= (YT -p"XT) 271 (Y - Xp)
= YISy - gTXTS~ Yy — YIS X+ 5T XTE1 X
= YIe 7y — 287Xty "y 4+ gTXTE71Xp
and therefore
—2XTyly +2XTY'XB = 0
XTy'x3 = X'y ly
B = (X" X)Xy ly

The variance of the maximum likelihood estimator is now:

~

var(8) = var[(XTY'X)IXTY Y]
= (XS X)) X Tvary (X T x) T x T
= AXTSI ) XTSI (X T
A(XTytx)™!
If the values w; are known, the estimators do not change much, only

an additional diagonal matrix appears in the expressions. Statistical
inference does not change.

What if residuals are not independent?
The matrix ¥ is no longer diagonal (for example, we get a block-
diagonal matrix). The expressions shall be similar to those in the pre-

vious item, but the estimation shall depend on what we know on the
elements of the ¥ matrix.
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