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Part  I: General overview 
• the Bristol heart scandal and the Harold Shipman case 
• key concepts and methods of SPC/SQC in health care 

 league tables and caterpillar plots 
 Shewhart charts and funnel plots 
 adjusted risk 
 exponentially weighted moving average (EWMA) 
 cumulative sum charts (CUSUM) 
 sequential probability ratio test (SPRT) 
 variable life adjusted display (VLAD) 

• recommended literature 
Part II: Our research on outlier detection among overdispersed proportions 
• double-square-root chart 

 control limits based on prediction intervals from regression-through-origin 
 confidence level adjusted to sample size 
 transformed into asymmetric funnel plot 

• comparison with established methods 
 general-purpose outlier-detection tests and rules 
 Laney's p' control chart for cross-sectional data 
 Spiegelhalter's regression approach (multiplicative and additive) 
 large-scale simulations and real national-level data 

• some general thoughts on applying statistics for quality improvement in health care 
and elsewhere in the public service sector 



Part I 

General overview 



Bristol heart scandal 

The Bristol Royal Infirmary Inquiry 
• media coverage 

 The Guardian 
 BBC 

• the report 
• Learning from Bristol 
• the RCN response 

Key scientific articles 
• Aylin et al., Lancet, 2001 
• Spiegelhalter et al., JRSSA, 2002 
• Spiegelhalter, BMJ, 2002 
• Aylin et al., BMJ, 2004 

Data sources issues 
• Response by Aylin et al., Lancet, 2001 
• Responses to Spiegelhalter, BMJ, 2002 
• Westaby et al., BMJ, 2007 
• Responses to Westaby et al., BMJ, 2007 

http://www.telegraph.co.uk/health/healthnews/7914795/Bristol-heart-scandal.html
http://society.theguardian.com/bristolinquiry/
http://news.bbc.co.uk/2/hi/health/background_briefings/the_bristol_heart_babies/297370.stm
http://webarchive.nationalarchives.gov.uk/+/www.dh.gov.uk/en/Publicationsandstatistics/Publications/PublicationsPolicyAndGuidance/DH_4005620
http://webarchive.nationalarchives.gov.uk/20130107105354/http:/www.dh.gov.uk/en/Publicationsandstatistics/Publications/PublicationsPolicyAndGuidance/DH_4002859
http://www.rcn.org.uk/__data/assets/pdf_file/0004/78529/001606.pdf
http://www.google.si/url?sa=i&source=images&cd=&cad=rja&docid=xYmdswTsyvuXLM&tbnid=BNHLXZT6CelTnM:&ved=0CAgQjRw&url=http://news.bbc.co.uk/2/hi/health/background_briefings/the_bristol_heart_babies/297370.stm&ei=2xrEUpKECYSBhAe9hIGYCg&psig=AFQjCNHJviyU9sSV-wzmNmIyAmEXdTa1_g&ust=1388670043204074
http://dx.doi.org/10.1016/S0140-6736(01)05404-6
http://dx.doi.org/10.1016/S0140-6736(01)05404-6
http://dx.doi.org/10.1016/S0140-6736(01)05404-6
http://dx.doi.org/10.1016/S0140-6736(01)05404-6
http://dx.doi.org/10.1016/S0140-6736(01)05404-6
http://www.bmj.com/content/324/7332/261
http://dx.doi.org/10.1111/1467-985X.02021
http://dx.doi.org/10.1111/1467-985X.02021
http://dx.doi.org/10.1111/1467-985X.02021
http://dx.doi.org/10.1111/1467-985X.02021
http://dx.doi.org/10.1111/1467-985X.02021
http://www.bmj.com/content/324/7332/261
http://www.bmj.com/content/324/7332/261
http://www.bmj.com/content/324/7332/261
http://www.bmj.com/content/329/7470/825
http://www.bmj.com/content/329/7470/825
http://www.bmj.com/content/329/7470/825
http://www.bmj.com/content/329/7470/825
http://www.bmj.com/content/329/7470/825
http://dx.doi.org/10.1016/S0140-6736(01)05404-6
http://dx.doi.org/10.1016/S0140-6736(01)05404-6
http://dx.doi.org/10.1016/S0140-6736(01)05404-6
http://dx.doi.org/10.1016/S0140-6736(01)05404-6
http://dx.doi.org/10.1016/S0140-6736(01)05404-6
http://www.bmj.com/content/324/7332/261?tab=responses
http://www.bmj.com/content/324/7332/261?tab=responses
http://www.bmj.com/content/324/7332/261?tab=responses
http://www.bmj.com/content/335/7623/759
http://www.bmj.com/content/335/7623/759
http://www.bmj.com/content/335/7623/759
http://www.bmj.com/content/335/7623/759
http://www.bmj.com/content/335/7623/759
http://www.bmj.com/content/335/7623/759?tab=responses
http://www.bmj.com/content/335/7623/759?tab=responses
http://www.bmj.com/content/335/7623/759?tab=responses
http://www.bmj.com/content/335/7623/759?tab=responses
http://www.bmj.com/content/335/7623/759?tab=responses
http://www.bmj.com/content/329/7470/825


Harold Shipman 

The Shipman Inquiry: 215 definite victims, 45 probable 

Key scientific articles 
• Baker et al., BMJ, 2002 
• Aylin et al., Lancet, 2003 

http://en.wikipedia.org/wiki/File:Harold_Shipman_mug_shot.jpg
http://en.wikipedia.org/wiki/Harold_Shipman
http://en.wikipedia.org/wiki/The_Shipman_Inquiry
http://www.bmj.com/content/326/7383/274.1
http://www.bmj.com/content/326/7383/274.1
http://www.bmj.com/content/326/7383/274.1
http://www.bmj.com/content/326/7383/274.1
http://www.bmj.com/content/326/7383/274.1
http://dx.doi.org/10.1016/S0140-6736(03)14077-9
http://dx.doi.org/10.1016/S0140-6736(03)14077-9
http://dx.doi.org/10.1016/S0140-6736(03)14077-9
http://dx.doi.org/10.1016/S0140-6736(03)14077-9
http://dx.doi.org/10.1016/S0140-6736(03)14077-9


Double square root chart 
(Shewhart chart for binomial data drawn on double square-root paper – 

both axes on all charts are in square-root scale) 

Bristol, Shipman, and clinical governance: Shewhart's forgotten lessons 
Mohammed MA, Cheng KK, Rouse A, Marshall T. The Lancet, 357(9254), 463-467, 10 February 2001 

Bristol cardiac surgery 

Harold Shipman 

The three lines indicate the background mortality for 
women aged 65 years or more in Thameside and 
Glossop (inclusive of Shipman’s patients). Shipman’s 
annual mortality rates are imposed on this. 

(hospital 1 is Bristol Royal Infirmary). 

http://dx.doi.org/10.1016/S0140-6736(00)04019-8


Funnel plots 
• introduced in meta-analysis (usually vertical and drawn with straight sides – log scale on x-axis) 
• in health care quality monitoring, p is plotted against n (horizontal curved funnels) 
• basic property: the larger the subsample size, the closer to the overall mean any proportion is 

expected to be (i.e., increased variability is expected from smaller centres) 
• observed event-rates are displayed (more intuitive than Shewhart charts) 
• easy to calculate exact control limits (spreadsheet software suffices) 

Funnel plots for comparing institutional performance 
Spiegelhalter D. Stat Med, 24(8), 1185-1202, 2005 

Funnel plots for institutional comparison 
Spiegelhalter D. Qual Saf Health Care, 11(4), 390-391, 2002 

Mortality rates following 
paediatric cardiac surgery 
in under-1’s in 12 English 
specialist centres (HES 
data) 1991-1995. 
The target is the overall 
average rate of 12%. 
The outlier is Bristol Royal 
Infirmary. 

http://dx.doi.org/10.1002/sim.1970
http://dx.doi.org/10.1136/qhc.11.4.390-a


CUSUM chart 
(excess mortality = observed – expected) 
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Can be risk-adjusted 
• Steiner et al., Biostatistics, 2000 
• Grigg & Farewell, JRSSA, 2004 

CUSUM charting is also applicable for the purpose of 
personal audit or credentialing of physicians 
(Lim et al., Int J Qual Health Care, 14(3), 251-258, 2002) 

http://dx.doi.org/10.1093/biostatistics/1.4.441
http://dx.doi.org/10.1093/biostatistics/1.4.441
http://dx.doi.org/10.1093/biostatistics/1.4.441
http://dx.doi.org/10.1093/biostatistics/1.4.441
http://dx.doi.org/10.1093/biostatistics/1.4.441
http://dx.doi.org/10.1111/j.1467-985X.2004.0apm2.x
http://dx.doi.org/10.1111/j.1467-985X.2004.0apm2.x
http://dx.doi.org/10.1111/j.1467-985X.2004.0apm2.x
http://intqhc.oxfordjournals.org/content/14/3/251.full
http://intqhc.oxfordjournals.org/content/14/3/251.full
http://intqhc.oxfordjournals.org/content/14/3/251.full
http://intqhc.oxfordjournals.org/content/14/3/251.full
http://intqhc.oxfordjournals.org/content/14/3/251.full


http://en.wikipedia.org/wiki/Sequential_probability_ratio_test
http://en.wikipedia.org/wiki/Sequential_probability_ratio_test
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Shipman 

Risk-adjusted sequential probability ratio tests and longitudinal surveillance methods 
Spiegelhalter D, Grigg O, Kinsman R, Treasure T. Int J Qual Health Care, 15(1), 7-13, 2003 

http://intqhc.oxfordjournals.org/content/15/1/5.full


Estimates and 95% confidence intervals (in brackets, with no. 
of treatment cycles) for adjusted live birth rate in each clinic. 
Vertical dotted line represents national average of 14%.) 

Median and 95% confidence intervals for rank of each clinic. 
Dashed vertical lines divide clinics into quarters according to 
rank. 

http://www.bmj.com/content/316/7146/1701
http://www.bmj.com/content/316/7146/1701


Simulation 



http://dx.doi.org/10.1258/jms.2009.008093
http://dx.doi.org/10.1258/jms.2009.008093


Feudtner et al., Pediatrics 
Vol. 128 No. 4 October 1, 2011  

1 hospital was identified consistently by all 
3 methods to be significantly below the 
overall group mean and 1 hospital above 

Central tendency perspective 

http://www.ncbi.nlm.nih.gov/pmc/articles/PMC3182848/
http://www.ncbi.nlm.nih.gov/pmc/articles/PMC3182848/


Outlier perspective 

Performance group perspective 



http://dx.doi.org/bmjqs.2008.031831v1
http://dx.doi.org/bmjqs.2008.031831v1




http://heart.bmj.com/content/early/2013/04/04/heartjnl-2013-303671
http://heart.bmj.com/content/early/2013/04/04/heartjnl-2013-303671


Rocket-tail chart 

Real-time monitoring of coronary care mortality: A comparison and combination of two monitoring tools 
Sherlaw-Johnson C, Morton A, Robinson MB, Hall A. International Journal of Cardiology, 100(2), 301-307, 20 April 2005 

http://dx.doi.org/10.1016/j.ijcard.2004.12.009


Recommended literature 

http://www.amazon.com/Health-Care-Data-Guide-Improvement/dp/0470902582
http://www.amazon.com/Improving-Healthcare-Control-Charts-Advanced/dp/0873895622
http://www.amazon.com/Statistical-Methods-Healthcare-Frederick-Faltin/dp/0470670150
http://www.amazon.com/Statistical-Development-Medicine-Statistics-Practice/dp/0470027770


Part II 

Our research 



http://dx.doi.org/10.1002/asmb.905
http://dx.doi.org/10.1002/qre.1581
http://dx.doi.org/10.1002/asmb.1982


Part II – Our research – Vidmar & Blagus 

Background 

vs. 



Part II – Our research – Vidmar & Blagus 

 Outlier detection in health care quality monitoring – milestones: 
 UK inquiries (Bristol cardiac surgery, Harold Shipman) 
 Mohammed: control charts instead of league tables 
 Spiegelhalter: funnel plots, regression modelling 
 Laney: p‘ chart for cross-sectional data 

Background 

LEAGUE TABLE FUNNEL PLOT DOUBLE-SQUARE-ROOT CHART 



Part II – Our research – Vidmar & Blagus 

 QA activities of the Ministry of Health in Slovenia 
 since 2006 
 100+ business indicators of 

 economy 
 efficiency 
 funding allocation 

 annually monitored in 26 hospitals 

 Statistical analysis entrusted to the IBMI MF UL 
 essence is outlier identification 
 exploratory approach 

Background 
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 All the indicators are same-quantity ratios 
(with highly correlated numerator and denominator) 
⇒ ∈ [0, 1] yet they are not appropriately treated  
 either as proportions (like e.g. success of operation) 

because of huge denominators (1000‘s of m2, 106 €) ⇒ overdispersion 
⇔ too narrow CI for mean π  
⇔ in funnel plots, virtually all points would be proclaimed outliers 

 or as fixed-denominator ratios (~ mortality rates) 
 Double Square Root Chart: 

√numerator vs. √denominator–numerator 

Background 
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 For small samples assuming normality 
 Grubbs (1969) 
 
 
 
 Dean & Dixon (1951) 
 
 
 
 
 Nalimov (1980) 
 

 Tukey‘s Boxplot rule: >1.5 IQR from Q1 or Q3 

General-purpose outlier detection tests 
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 Multiplicative (GLIM) 
 overdispersion factor 
 winsorizing 

 
 
 
 
 
 
 
 
 
 

 Additive (random effects) 
 method of moments estimator 

[DerSimonian & Laird, 1986 – for meta analysis] 

Spiegelhalter‘s approach – Theory 

zp set to 2.58 ⇔ 1 – α = 99% 
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Spiegelhalter‘s approach – Examples 



Part II – Our research – Vidmar & Blagus 

Laney‘s approach – p‘ chart 

 Developed from [modified] z-chart for proportions & Wheeler‘s work 
 p-charts [& u-] too many false alarms – binomial [Poisson] assumption not true 
 parameter changes over time and/or between subgroups (in cross-sectional data) 
 like ANOVA: common cause variation = within (intra-subgroup) + between 
 becomes p-chart if data are binomial, XmR if subgroup sizes are equal 

 
 
 
 
 
 
 
 
 
 
 
 
 

 Many critical typos in Mohammed & Laney paper [QSHC 2006,15:383-4]  

BINOMIAL FUNNEL LANEY‘S FUNNEL 
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Our approach 

 Double-square-root chart (DSQRTC) 
 introduced by Shewhart, Fisher, Tukey, Mosteller in 1940‘s 

with CLs based on binomial probability paper 
 slope (b) reflects binomial parameter (p): 𝑝 = 𝑏2

1+𝑏2
 

 NEW: control limits = prediction limits from regression through origin 
 slightly curved (hourglass-like shaped – not parallel to the regression line) 
 in Study #1 we used 1 – α = 95% 

 estimates LCL < 0 less often than Laney‘s or Spiegelhalter‘s  
 translates into asymmetric funnel (alike exact binomial CI)  
 estimates p as slightly less than 𝑝̅ with right-skewed data  

 NEW in Study #2: confidence level adjustment: 1 − 𝛼 = 𝑁−0.5
𝑁

 
 E (no. of outliers flagged under the null, i.e., binomial model) = 0.5 
 examples: N 1 – α 

10 0.95 
30 0.983 
50 0.99 
100 0.995 
140 0.996 
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Median rule 

 Also known as Carling's resistant rule [CSDA 2000,33:249-58] 
 like boxplot rule with median instead of  q1 
 
 
 compute quartiles using ideal (machine) fourth 
 
 
 default k2=2.3 with adjustment for sample size 
 
 
 backed by profound theory and extensive simulations 
 successfully applied in neuroscience [J Neurosci Methods 2011,194:374-9] 
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Methods – Study #1 

 Distributions of Numerator, Denominator & Ratio based on real data 
 right-skewed bounded, based on best fit (EasyFit by MathWave) 
 Pert, Burr, 3P Loglogistic 

 Outlier generation 
 Mode (Pert) | Scale (Burr) | µ (3PLGL) ↑ by 50%, 100%, 150%, 500% 
 other parameters fixed (shape for Pert & Burr; ζ & σ for 3PLGL) 

 2 types of ratios 
 Small [0, 0.2] 
 Large [0.5, 1] 

 3 situations 
 no outliers 
 1 outlier on the right 
 2 outliers on the right 

 DSQRTC compared with 
 Grubbs, Dean & Dixon and Nalimov test, all applied conditionally if 

Kolmogorov-Smirnov-Lilliefors & Shapiro-Wilk tests for normality passed 
 Tukey‘s boxplot rule 
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Methods – Study #2 

 Real data 
 hospital readmissions from UK presented by both ‚rivals‘ (N=140) 

 Spiegelhalter [QSHC 2002,11:390-1; Stat Med 2005,24:1185-202; QSHC 2005,14:347-51] 
 Mohammed & Laney [QSHC 2006,15:383-4] 

 financial indicators from Slovenian hospitals 
 Simulated data (in R) 

 proportions 
 small [0, ~0.2] (right-skewed) 
 large [~0.5, 1] (more symmetrically distributed) 
 3-parameter log-logistic distribution 

with fixed scale (σ) and shape (ξ) parameter 
 1000 samples under each experimental condition {sample size, outlier} 

 N=10, 30, 50, 100 
 no outlier | one outlier with μ×2 (at 100%) | one outlier with μ×6 (at 500%) 

(outlier always the largest value – generated using rejection method) 
 measures: 4 flags|counts & 3 diagnostic measures  

 outlier found, overall result correct, no. of false outliers, total no. of outliers identified 
 predictive accuracy (PA), sensitivity (Sens), specificity (Spec) 
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Samples from simulations [N=30, outlier at 100%] 
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Results – Study #1 
N

Ratio Type Test Valid M Me Max OK Valid M Me Max OK Valid M Me Max OK Valid M Me Max OK Valid M Me Max OK

Small Grubbs 0,09 0 2 91% 0,11 0 3 89% 0,10 0 2 90% 0,08 0 2 92% 0,09 0 3 91%

Dixon 0,02 0 1 98% 0,04 0 1 96% 0,04 0 2 96% 0,04 0 2 96% 0,04 0 2 96%

Nalimov 0,33 0 3 73% 0,70 0 5 52% 1,27 1 6 28% 1,50 1 6 23% 1,69 2 7 16%

Boxplot 0,47 0 2 61% 0,60 0 4 55% 0,97 1 6 47% 1,22 1 6 43% 1,42 1 6 40%

DSQRTC 0,00 0 0 100% 0,11 0 1 89% 0,71 1 3 35% 0,99 1 3 21% 1,26 1 4 12%

Large Grubbs 0,06 0 2 94% 0,06 0 2 94% 0,07 0 2 93% 0,07 0 3 93% 0,07 0 3 94%

Dixon 0,04 0 2 96% 0,07 0 2 93% 0,04 0 3 96% 0,04 0 3 96% 0,03 0 2 97%

Nalimov 0,23 0 3 81% 0,60 0 7 62% 1,89 1 12 29% 2,38 2 15 21% 3,07 3 21 14%

Boxplot 0,35 0 2 73% 0,29 0 10 80% 0,32 0 8 81% 0,31 0 9 82% 0,34 0 9 80%

DSQRTC 0,00 0 0 100% 0,10 0 1 90% 0,71 1 3 37% 0,96 1 4 24% 1,30 1 4 12%

49%

5 10 20 25

63%

30

86%

87%

69%

74%

55%

63%

51%

63%

N

Ratio Type Test Valid M Me Max OK Valid M Me Max OK Valid M Me Max OK Valid M Me Max OK Valid M Me Max OK

Small Grubbs 0,17 0 2 15% 0,22 0 3 20% 0,29 0 2 27% 0,27 0 2 26% 0,28 0 2 27%

Dixon 0,05 0 2 4% 0,07 0 2 6% 0,10 0 2 10% 0,09 0 2 9% 0,09 0 1 9%

Nalimov 0,49 0 3 29% 1,06 1 6 37% 1,93 2 7 32% 2,29 2 7 23% 2,47 2 6 21%

Boxplot 0,76 1 2 60% 1,09 1 4 60% 1,62 1 7 49% 1,88 2 9 45% 2,09 2 8 42%

DSQRTC 0,00 0 0 0% 0,48 0 1 47% 1,00 1 3 70% 1,18 1 3 64% 1,35 1 4 57%

Large Grubbs 0,12 0 2 10% 0,24 0 3 20% 0,32 0 3 26% 0,33 0 3 27% 0,30 0 3 24%

Dixon 0,06 0 2 5% 0,16 0 4 13% 0,18 0 3 15% 0,20 0 3 16% 0,18 0 3 15%

Nalimov 0,40 0 3 24% 1,02 1 7 29% 2,39 2 14 20% 3,01 3 14 16% 3,62 3 22 13%

Boxplot 0,49 0 2 26% 0,57 0 10 25% 0,62 0 20 25% 0,66 0 25 24% 0,63 0 30 22%

DSQRTC 0,00 0 0 0% 0,48 0 1 45% 0,89 1 3 57% 1,07 1 3 53% 1,28 1 4 45%

52%

30

47%

78%

21%

62%

10%

52%

8%

52%

7%

5 10 20 25

N

Ratio Type Test Valid M Me Max OK Valid M Me Max OK Valid M Me Max OK Valid M Me Max OK Valid M Me Max OK

Small Grubbs 0,10 0 2 0% 0,15 0 3 1% 0,24 0 2 1% 0,20 0 2 0% 0,24 0 2 0%

Dixon 0,03 0 2 0% 0,03 0 2 0% 0,05 0 2 0% 0,06 0 2 0% 0,05 0 1 0%

Nalimov 0,42 0 3 8% 1,00 1 6 13% 2,07 2 7 21% 2,44 2 7 16% 2,63 2 7 18%

Boxplot 0,43 0 2 0% 1,26 1 4 46% 2,21 2 6 49% 2,52 2 9 45% 2,75 2 8 43%

DSQRTC 0,00 0 0 0% 0,32 0 1 0% 1,14 1 3 18% 1,40 1 4 29% 1,62 2 4 36%

Large Grubbs 0,02 0 2 0% 0,02 0 4 0% 0,04 0 4 0% 0,04 0 2 0% 0,04 0 3 0%

Dixon 0,15 0 2 0% 0,27 0 4 1% 0,05 0 3 0% 0,04 0 3 0% 0,04 0 3 0%

Nalimov 0,11 0 3 0% 0,39 0 6 4% 2,21 2 15 14% 3,04 3 15 13% 3,59 3 16 11%

Boxplot 0,11 0 2 0% 0,61 0 10 15% 0,84 0 7 21% 0,89 0 9 20% 0,83 0 8 18%

DSQRTC 0,00 0 0 0% 0,37 0 1 0% 1,11 1 3 25% 1,37 1 3 34% 1,59 2 4 37%

3%

5 10 20 25

45%

30

67%

72%

18%

58%

6%

45%

4%

43%

Under H0 

1 out. to the right 

2 out. to the right 



Part II – Our research – Vidmar & Blagus 

Results – Study #1 

 ↑ outliers ⇒ performance gets clearly worse 
 each approach excells/brakes down in certain conditions 
 small-sample tests not applicable as sample size increases (sic!) 
 simple boxplot is very unstable 
 DSQRTC the best (though far from perfect) as N gets larger 
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Results S#2 – SI hospitals – Financial indicators 

 With any real data, the truth is unknown 
 7 indicators (2 groups) 

 4 <large> of space utilisation (S): active area as part of  
1 total area, 2 inpatient clinic area, 3 outpatient clinic area, 4 dialysis unit area 

 3 <small> of costs structure (C): part of total income for 
1 IT costs, 2 education costs, 3 energy costs 

 N=25 (except for S4: N=12) 
 Performance of the tested methods similar to the simulations 

No. of outliers Vidmar Laney Spiegelh. Mul. Spiegelh. Add. Median rule 

S1 0 0 1 (1) 3 (1,2) 1 (1) 

S2 0 0 1 (1) 4 (3,1) 0 

S3 0 0 1 (1) 8 (6,2) 0 

S4 (N=12) 0 0 0 0 0 

C1 1 (1) 1 (1) 2 (2) 4 (3,1) 3 (3) 

C2 0 0 2 (2) 3 (2,1) 0 

C3 0 0 3 (2,1) 7 (7,) 0 
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Results S#2 – Small ratios [0, ~0.2] – Flags|counts 
Sample

size Mean Median Mode Max Min Mean Median Mode Max Min Mean Median Mode Max Min Mean Median Mode Max Min Mean Median Mode Max Min
10 25% No No 0% No No 64% Yes Yes 96% Yes Yes 68% Yes Yes
30 68% Yes Yes 74% Yes Yes 93% Yes Yes 100% Yes Yes 99% Yes Yes
50 74% Yes Yes 85% Yes Yes 98% Yes Yes 100% Yes Yes 100% Yes Yes
100 82% Yes Yes 89% Yes Yes 98% Yes Yes 100% Yes Yes 100% Yes Yes
10 36% No No 1% No No 72% Yes Yes 98% Yes Yes 78% Yes Yes
30 75% Yes Yes 79% Yes Yes 95% Yes Yes 100% Yes Yes 99% Yes Yes
50 79% Yes Yes 87% Yes Yes 97% Yes Yes 100% Yes Yes 100% Yes Yes
100 85% Yes Yes 93% Yes Yes 99% Yes Yes 100% Yes Yes 100% Yes Yes

None 10 80% Yes Yes 100% Yes Yes 32% No No 7% No No 44% No No
30 25% No No 19% No No 2% No No 0% No No 7% No No
50 11% No No 4% No No 0% No No 0% No No 1% No No
100 1% No No 0% No No 0% No No 0% No No 0% No No

One at 10 25% No No 0% No No 63% Yes Yes 40% No No 42% No No
30 54% Yes Yes 65% Yes Yes 10% No No 0% No No 10% No No
50 33% No No 45% No No 1% No No 0% No No 2% No No
100 11% No No 16% No No 0% No No 0% No No 0% No No
10 36% No No 1% No No 71% Yes Yes 38% No No 52% Yes Yes
30 59% Yes Yes 70% Yes Yes 16% No No 0% No No 10% No No
50 37% No No 52% Yes Yes 2% No No 0% No No 1% No No
100 17% No No 21% No No 0% No No 0% No No 0% No No
10 0,2 0 0 1 0 0,0 0 0 1 0 0,7 1 1 2 0 1,7 1 1 10 0 0,7 1 1 2 0
30 0,8 1 1 2 0 0,8 1 1 2 0 2,0 2 2 3 0 6,1 5 4 25 1 2,4 2 2 6 0
50 1,2 1 1 3 0 1,3 1 1 3 0 3,3 3 3 5 1 9,9 8 6 36 3 4,1 4 4 10 0
100 2,1 2 2 4 0 2,3 2 2 5 1 6,7 7 7 10 1 20,1 16 13 65 7 8,5 8 8 16 0
10 0,0 0 0 1 0 0,0 0 0 0 0 0,1 0 0 1 0 1,3 1 0 9 0 0,3 0 0 1 0
30 0,3 0 0 2 0 0,3 0 0 2 0 1,3 1 1 4 0 7,1 4 3 26 0 1,9 2 2 6 0
50 0,8 1 1 3 0 0,6 1 1 3 0 2,4 2 2 5 0 12,4 9 6 47 3 3,6 4 4 9 0
100 1,4 1 1 5 0 1,4 1 1 4 0 5,4 6 6 10 1 25,7 21 12 82 7 7,9 8 7 15 1
10 0,0 0 0 1 0 0,0 0 0 0 0 0,1 0 0 1 0 1,7 1 0 9 0 0,3 0 0 1 0
30 0,3 0 0 2 0 0,2 0 0 2 0 1,1 1 1 3 0 7,9 5 3 26 1 1,9 2 2 6 0
50 0,7 1 1 3 0 0,5 0 0 3 0 2,3 2 2 5 0 13,5 11 6 42 1 3,7 4 4 10 0
100 1,4 1 1 4 0 1,2 1 1 4 0 5,4 5 6 9 1 28,1 25 12 86 6 8,0 8 8 15 1
10 0,2 0 0 1 0 0,0 0 0 1 0 0,7 1 1 2 0 1,7 1 1 10 0 0,7 1 1 2 0
30 0,8 1 1 2 0 0,8 1 1 2 0 2,0 2 2 3 0 6,1 5 4 25 1 2,4 2 2 6 0
50 1,2 1 1 3 0 1,3 1 1 3 0 3,3 3 3 5 1 9,9 8 6 36 3 4,1 4 4 10 0
100 2,1 2 2 4 0 2,3 2 2 5 1 6,7 7 7 10 1 20,1 16 13 65 7 8,5 8 8 16 0
10 0,3 0 0 1 0 0,0 0 0 1 0 0,7 1 1 2 0 2,3 2 1 10 0 0,9 1 1 2 0
30 1,0 1 1 2 0 1,0 1 1 2 0 2,2 2 2 5 0 8,1 5 4 27 1 2,9 3 3 7 0
50 1,5 1 1 4 0 1,5 1 1 3 0 3,4 3 3 5 1 13,4 10 7 48 4 4,6 5 5 10 0
100 2,3 2 2 5 0 2,2 2 2 5 1 6,4 7 7 10 2 26,6 22 13 83 8 8,9 9 8 16 2
10 0,4 0 0 1 0 0,0 0 0 1 0 0,8 1 1 2 0 2,7 2 1 10 0 1,1 1 1 2 0
30 1,1 1 1 2 0 1,0 1 1 2 0 2,1 2 2 4 0 8,9 6 4 27 2 2,9 3 3 7 0
50 1,5 1 1 4 0 1,4 1 1 3 0 3,3 3 3 5 1 14,5 12 7 43 2 4,7 5 5 11 1
100 2,2 2 2 5 0 2,2 2 2 5 1 6,4 6 7 10 2 29,1 26 13 87 7 9,0 9 9 16 2
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Results S#2 – Small ratios – Diagnost. measures 

Sample
size Mean Median Mode Max Min Mean Median Mode Max Min Mean Median Mode Max Min Mean Median Mode Max Min Mean Median Mode Max Min
10 0,98 1,00 1,00 1,00 0,90 1,00 1,00 1,00 1,00 0,90 0,93 0,90 0,90 1,00 0,80 0,83 0,90 0,90 1,00 0,00 0,93 0,90 0,90 1,00 0,80
30 0,97 0,97 0,97 1,00 0,93 0,97 0,97 0,97 1,00 0,93 0,93 0,93 0,93 1,00 0,90 0,80 0,83 0,87 0,97 0,17 0,92 0,93 0,93 1,00 0,80
50 0,98 0,98 0,98 1,00 0,94 0,97 0,98 0,98 1,00 0,94 0,93 0,94 0,92 0,98 0,90 0,80 0,84 0,86 0,94 0,28 0,92 0,92 0,92 1,00 0,80
100 0,98 0,98 0,98 1,00 0,96 0,98 0,98 0,98 0,99 0,95 0,93 0,93 0,93 0,99 0,90 0,80 0,84 0,87 0,93 0,35 0,92 0,92 0,92 1,00 0,84
10 0,92 0,90 0,90 1,00 0,80 0,90 0,90 0,90 1,00 0,90 0,96 1,00 1,00 1,00 0,80 0,86 0,90 1,00 1,00 0,10 0,94 0,90 0,90 1,00 0,90
30 0,98 1,00 1,00 1,00 0,90 0,98 1,00 1,00 1,00 0,90 0,96 0,97 0,97 1,00 0,87 0,76 0,87 0,90 1,00 0,13 0,94 0,93 0,93 1,00 0,80
50 0,98 0,98 0,98 1,00 0,92 0,98 0,98 1,00 1,00 0,92 0,95 0,96 0,96 1,00 0,88 0,75 0,82 0,88 0,94 0,06 0,93 0,92 0,92 1,00 0,82
100 0,98 0,99 0,99 1,00 0,94 0,99 0,99 0,99 1,00 0,95 0,95 0,94 0,94 0,99 0,89 0,74 0,79 0,88 0,93 0,18 0,92 0,92 0,93 0,99 0,85
10 0,93 0,90 0,90 1,00 0,80 0,90 0,90 0,90 1,00 0,90 0,96 1,00 1,00 1,00 0,80 0,82 0,90 1,00 1,00 0,10 0,95 1,00 1,00 1,00 0,90
30 0,98 1,00 1,00 1,00 0,90 0,99 1,00 1,00 1,00 0,90 0,96 0,97 0,97 1,00 0,87 0,74 0,83 0,90 0,97 0,13 0,93 0,93 0,93 1,00 0,80
50 0,98 0,98 0,98 1,00 0,92 0,99 1,00 1,00 1,00 0,92 0,95 0,96 0,96 1,00 0,88 0,73 0,78 0,88 0,98 0,16 0,93 0,92 0,92 1,00 0,80
100 0,98 0,99 0,99 1,00 0,95 0,99 0,99 0,99 1,00 0,95 0,95 0,95 0,94 0,99 0,90 0,72 0,75 0,88 0,94 0,14 0,92 0,92 0,92 0,99 0,85
10 0,25 0,00 0,00 1,00 0,00 0,00 0,00 0,00 1,00 0,00 0,64 1,00 1,00 1,00 0,00 0,96 1,00 1,00 1,00 0,00 0,68 1,00 1,00 1,00 0,00
30 0,68 1,00 1,00 1,00 0,00 0,74 1,00 1,00 1,00 0,00 0,93 1,00 1,00 1,00 0,00 1,00 1,00 1,00 1,00 0,00 0,99 1,00 1,00 1,00 0,00
50 0,74 1,00 1,00 1,00 0,00 0,85 1,00 1,00 1,00 0,00 0,98 1,00 1,00 1,00 0,00 1,00 1,00 1,00 1,00 0,00 1,00 1,00 1,00 1,00 0,00
100 0,82 1,00 1,00 1,00 0,00 0,89 1,00 1,00 1,00 0,00 0,98 1,00 1,00 1,00 0,00 1,00 1,00 1,00 1,00 0,00 1,00 1,00 1,00 1,00 1,00
10 0,36 0,00 0,00 1,00 0,00 0,01 0,00 0,00 1,00 0,00 0,72 1,00 1,00 1,00 0,00 0,98 1,00 1,00 1,00 0,00 0,78 1,00 1,00 1,00 0,00
30 0,75 1,00 1,00 1,00 0,00 0,79 1,00 1,00 1,00 0,00 0,95 1,00 1,00 1,00 0,00 1,00 1,00 1,00 1,00 1,00 0,99 1,00 1,00 1,00 0,00
50 0,79 1,00 1,00 1,00 0,00 0,87 1,00 1,00 1,00 0,00 0,97 1,00 1,00 1,00 0,00 1,00 1,00 1,00 1,00 0,00 1,00 1,00 1,00 1,00 1,00
100 0,85 1,00 1,00 1,00 0,00 0,93 1,00 1,00 1,00 0,00 0,99 1,00 1,00 1,00 0,00 1,00 1,00 1,00 1,00 1,00 1,00 1,00 1,00 1,00 1,00
10 0,98 1,00 1,00 1,00 0,90 1,00 1,00 1,00 1,00 0,90 0,93 0,90 0,90 1,00 0,80 0,83 0,90 0,90 1,00 0,00 0,93 0,90 0,90 1,00 0,80
30 0,97 0,97 0,97 1,00 0,93 0,97 0,97 0,97 1,00 0,93 0,93 0,93 0,93 1,00 0,90 0,80 0,83 0,87 0,97 0,17 0,92 0,93 0,93 1,00 0,80
50 0,98 0,98 0,98 1,00 0,94 0,97 0,98 0,98 1,00 0,94 0,93 0,94 0,92 0,98 0,90 0,80 0,84 0,86 0,94 0,28 0,92 0,92 0,92 1,00 0,80
100 0,98 0,98 0,98 1,00 0,96 0,98 0,98 0,98 0,99 0,95 0,93 0,93 0,93 0,99 0,90 0,80 0,84 0,87 0,93 0,35 0,92 0,92 0,92 1,00 0,84
10 1,00 1,00 1,00 1,00 0,89 1,00 1,00 1,00 1,00 1,00 0,99 1,00 1,00 1,00 0,89 0,85 0,89 1,00 1,00 0,00 0,97 1,00 1,00 1,00 0,89
30 0,99 1,00 1,00 1,00 0,93 0,99 1,00 1,00 1,00 0,93 0,96 0,97 0,97 1,00 0,86 0,75 0,86 0,90 1,00 0,10 0,93 0,93 0,93 1,00 0,79
50 0,98 0,98 0,98 1,00 0,94 0,99 0,98 0,98 1,00 0,94 0,95 0,96 0,96 1,00 0,90 0,75 0,82 0,88 0,94 0,04 0,93 0,92 0,92 1,00 0,82
100 0,99 0,99 0,99 1,00 0,95 0,99 0,99 0,99 1,00 0,96 0,94 0,94 0,94 0,99 0,90 0,74 0,79 0,88 0,93 0,17 0,92 0,92 0,93 0,99 0,85
10 1,00 1,00 1,00 1,00 0,89 1,00 1,00 1,00 1,00 1,00 0,99 1,00 1,00 1,00 0,89 0,81 0,89 1,00 1,00 0,00 0,97 1,00 1,00 1,00 0,89
30 0,99 1,00 1,00 1,00 0,93 0,99 1,00 1,00 1,00 0,93 0,96 0,97 0,97 1,00 0,90 0,73 0,83 0,90 0,97 0,10 0,93 0,93 0,93 1,00 0,79
50 0,99 0,98 0,98 1,00 0,94 0,99 1,00 1,00 1,00 0,94 0,95 0,96 0,96 1,00 0,90 0,72 0,78 0,88 0,98 0,14 0,92 0,92 0,92 1,00 0,80
100 0,99 0,99 0,99 1,00 0,96 0,99 0,99 0,99 1,00 0,96 0,95 0,95 0,94 0,99 0,91 0,72 0,75 0,88 0,94 0,13 0,92 0,92 0,92 0,99 0,85
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Results S#2 – Large ratios [~0.5, 1] – Flags|counts 
Sample

size Mean Median Mode Max Min Mean Median Mode Max Min Mean Median Mode Max Min Mean Median Mode Max Min Mean Median Mode Max Min
10 55% Yes Yes 0% No No 36% No No 96% Yes Yes 10% No No
30 61% Yes Yes 3% No No 50% No No 100% Yes Yes 5% No No
50 57% Yes Yes 5% No No 50% Yes Yes 100% Yes Yes 2% No No
100 58% Yes Yes 3% No No 53% Yes Yes 100% Yes Yes 0% No No
10 54% Yes Yes 0% No No 38% No No 97% Yes Yes 9% No No
30 61% Yes Yes 5% No No 47% No No 100% Yes Yes 5% No No
50 59% Yes Yes 6% No No 53% Yes Yes 100% Yes Yes 3% No No
100 56% Yes Yes 3% No No 55% Yes Yes 100% Yes Yes 0% No No
10 61% Yes Yes 100% Yes Yes 55% Yes Yes 41% No No 92% Yes Yes
30 18% No No 94% Yes Yes 18% No No 7% No No 94% Yes Yes
50 6% No No 88% Yes Yes 6% No No 1% No No 97% Yes Yes
100 1% No No 80% Yes Yes 1% No No 0% No No 99% Yes Yes
10 55% Yes Yes 0% No No 25% No No 23% No No 7% No No
30 37% No No 3% No No 14% No No 0% No No 2% No No
50 17% No No 4% No No 5% No No 0% No No 0% No No
100 3% No No 2% No No 0% No No 0% No No 0% No No

One at 10 54% Yes Yes 0% No No 27% No No 19% No No 7% No No
30 39% No No 5% No No 13% No No 0% No No 1% No No
50 16% No No 5% No No 4% No No 0% No No 1% No No
100 3% No No 3% No No 1% No No 0% No No 0% No No

None 10 0,4 0 0 1 0 0,0 0 0 0 0 0,6 0 0 2 0 1,4 1 0 10 0 0,1 0 0 3 0
30 1,0 1 1 3 0 0,1 0 0 1 0 1,6 1 1 6 0 11,2 6 6 30 0 0,1 0 0 5 0
50 1,6 2 2 4 0 0,1 0 0 2 0 2,7 3 3 8 0 27,9 41 44 50 0 0,1 0 0 7 0
100 2,6 3 2 5 0 0,2 0 0 3 0 5,4 5 4 12 0 81,6 88 88 97 3 0,0 0 0 3 0
10 0,1 0 0 1 0 0,0 0 0 0 0 0,3 0 0 2 0 3,3 2 1 9 0 0,0 0 0 2 0
30 0,6 1 1 3 0 0,0 0 0 1 0 1,1 1 1 5 0 18,8 24 26 29 0 0,1 0 0 4 0
50 1,1 1 1 3 0 0,1 0 0 1 0 2,2 2 2 7 0 38,1 43 44 48 3 0,0 0 0 4 0
100 2,2 2 2 5 0 0,2 0 0 2 0 4,9 5 5 12 0 85,4 87 87 94 17 0,0 0 0 4 0
10 0,1 0 0 1 0 0,0 0 0 0 0 0,2 0 0 2 0 3,3 2 1 9 0 0,0 0 0 1 0
30 0,6 1 0 3 0 0,0 0 0 1 0 1,2 1 1 5 0 19,0 25 26 29 0 0,1 0 0 3 0
50 1,2 1 1 4 0 0,0 0 0 2 0 2,3 2 2 8 0 38,3 43 43 48 2 0,1 0 0 5 0
100 2,2 2 2 6 0 0,2 0 0 2 0 4,9 5 5 12 0 85,5 87 87 96 14 0,0 0 0 7 0
10 0,4 0 0 1 0 0,0 0 0 0 0 0,6 0 0 2 0 1,4 1 0 10 0 0,1 0 0 3 0
30 1,0 1 1 3 0 0,1 0 0 1 0 1,6 1 1 6 0 11,2 6 6 30 0 0,1 0 0 5 0
50 1,6 2 2 4 0 0,1 0 0 2 0 2,7 3 3 8 0 27,9 41 44 50 0 0,1 0 0 7 0
100 2,6 3 2 5 0 0,2 0 0 3 0 5,4 5 4 12 0 81,6 88 88 97 3 0,0 0 0 3 0
10 0,6 1 1 1 0 0,0 0 0 0 0 0,6 0 0 2 0 4,2 3 1 10 0 0,1 0 0 3 0
30 1,2 1 1 3 0 0,0 0 0 1 0 1,6 1 1 6 0 19,8 25 27 30 1 0,1 0 0 5 0
50 1,7 2 2 4 0 0,1 0 0 2 0 2,7 3 2 8 0 39,1 44 45 49 4 0,1 0 0 5 0
100 2,8 3 3 6 0 0,2 0 0 2 0 5,5 5 5 13 0 86,4 88 88 95 18 0,0 0 0 5 0
10 0,6 1 1 1 0 0,0 0 0 0 0 0,6 0 0 2 0 4,3 3 2 10 0 0,1 0 0 2 0
30 1,2 1 1 3 0 0,1 0 0 1 0 1,6 1 1 6 0 20,0 26 27 30 1 0,1 0 0 4 0
50 1,8 2 2 4 0 0,1 0 0 2 0 2,8 3 2 9 0 39,3 44 44 49 3 0,1 0 0 6 0
100 2,8 3 3 6 0 0,2 0 0 3 0 5,5 5 5 13 0 86,5 88 88 97 15 0,0 0 0 8 0
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Results S#2 – Large ratios – Diagnost. measures 

Sample
size Mean Median Mode Max Min Mean Median Mode Max Min Mean Median Mode Max Min Mean Median Mode Max Min Mean Median Mode Max Min
10 0,96 1,00 1,00 1,00 0,90 1,00 1,00 1,00 1,00 1,00 0,94 1,00 1,00 1,00 0,80 0,86 0,90 1,00 1,00 0,00 0,99 1,00 1,00 1,00 0,70
30 0,97 0,97 0,97 1,00 0,90 1,00 1,00 1,00 1,00 0,97 0,95 0,97 0,97 1,00 0,80 0,63 0,80 0,80 1,00 0,00 1,00 1,00 1,00 1,00 0,83
50 0,97 0,96 0,96 1,00 0,92 1,00 1,00 1,00 1,00 0,96 0,95 0,94 0,94 1,00 0,84 0,44 0,18 0,12 1,00 0,00 1,00 1,00 1,00 1,00 0,86
100 0,97 0,97 0,98 1,00 0,95 1,00 1,00 1,00 1,00 0,97 0,95 0,95 0,96 1,00 0,88 0,18 0,12 0,12 0,97 0,03 1,00 1,00 1,00 1,00 0,97
10 0,95 1,00 1,00 1,00 0,80 0,90 0,90 0,90 0,90 0,90 0,91 0,90 0,90 1,00 0,70 0,67 0,80 0,90 1,00 0,10 0,91 0,90 0,90 1,00 0,80
30 0,97 0,97 1,00 1,00 0,87 0,97 0,97 0,97 1,00 0,93 0,95 0,97 0,97 1,00 0,80 0,37 0,20 0,13 1,00 0,03 0,97 0,97 0,97 1,00 0,87
50 0,97 0,98 0,98 1,00 0,92 0,98 0,98 0,98 1,00 0,96 0,95 0,94 0,96 1,00 0,84 0,24 0,14 0,12 0,94 0,04 0,98 0,98 0,98 1,00 0,92
100 0,97 0,97 0,97 1,00 0,94 0,99 0,99 0,99 1,00 0,97 0,95 0,95 0,94 1,00 0,88 0,15 0,13 0,13 0,83 0,06 0,99 0,99 0,99 0,99 0,96
10 0,94 1,00 1,00 1,00 0,80 0,90 0,90 0,90 0,90 0,90 0,91 0,90 0,90 1,00 0,70 0,66 0,80 0,90 1,00 0,10 0,91 0,90 0,90 1,00 0,80
30 0,97 0,97 1,00 1,00 0,87 0,97 0,97 0,97 1,00 0,93 0,94 0,93 0,97 1,00 0,80 0,37 0,17 0,13 1,00 0,03 0,97 0,97 0,97 1,00 0,90
50 0,97 0,98 0,98 1,00 0,90 0,98 0,98 0,98 1,00 0,94 0,95 0,94 0,94 1,00 0,84 0,23 0,14 0,14 0,96 0,04 0,98 0,98 0,98 1,00 0,90
100 0,97 0,97 0,98 1,00 0,93 0,99 0,99 0,99 1,00 0,97 0,95 0,95 0,95 1,00 0,88 0,15 0,13 0,13 0,86 0,04 0,99 0,99 0,99 0,99 0,93
10 0,55 1,00 1,00 1,00 0,00 0,00 0,00 0,00 0,00 0,00 0,36 0,00 0,00 1,00 0,00 0,96 1,00 1,00 1,00 0,00 0,10 0,00 0,00 1,00 0,00
30 0,61 1,00 1,00 1,00 0,00 0,03 0,00 0,00 1,00 0,00 0,50 0,00 0,00 1,00 0,00 1,00 1,00 1,00 1,00 1,00 0,05 0,00 0,00 1,00 0,00
50 0,57 1,00 1,00 1,00 0,00 0,05 0,00 0,00 1,00 0,00 0,50 1,00 1,00 1,00 0,00 1,00 1,00 1,00 1,00 1,00 0,02 0,00 0,00 1,00 0,00
100 0,58 1,00 1,00 1,00 0,00 0,03 0,00 0,00 1,00 0,00 0,53 1,00 1,00 1,00 0,00 1,00 1,00 1,00 1,00 0,00 0,00 0,00 0,00 1,00 0,00
10 0,54 1,00 1,00 1,00 0,00 0,00 0,00 0,00 0,00 0,00 0,38 0,00 0,00 1,00 0,00 0,97 1,00 1,00 1,00 0,00 0,09 0,00 0,00 1,00 0,00
30 0,61 1,00 1,00 1,00 0,00 0,05 0,00 0,00 1,00 0,00 0,47 0,00 0,00 1,00 0,00 1,00 1,00 1,00 1,00 0,00 0,05 0,00 0,00 1,00 0,00
50 0,59 1,00 1,00 1,00 0,00 0,06 0,00 0,00 1,00 0,00 0,53 1,00 1,00 1,00 0,00 1,00 1,00 1,00 1,00 0,00 0,03 0,00 0,00 1,00 0,00
100 0,56 1,00 1,00 1,00 0,00 0,03 0,00 0,00 1,00 0,00 0,55 1,00 1,00 1,00 0,00 1,00 1,00 1,00 1,00 0,00 0,00 0,00 0,00 1,00 0,00
10 0,96 1,00 1,00 1,00 0,90 1,00 1,00 1,00 1,00 1,00 0,94 1,00 1,00 1,00 0,80 0,86 0,90 1,00 1,00 0,00 0,99 1,00 1,00 1,00 0,70
30 0,97 0,97 0,97 1,00 0,90 1,00 1,00 1,00 1,00 0,97 0,95 0,97 0,97 1,00 0,80 0,63 0,80 0,80 1,00 0,00 1,00 1,00 1,00 1,00 0,83
50 0,97 0,96 0,96 1,00 0,92 1,00 1,00 1,00 1,00 0,96 0,95 0,94 0,94 1,00 0,84 0,44 0,18 0,12 1,00 0,00 1,00 1,00 1,00 1,00 0,86
100 0,97 0,97 0,98 1,00 0,95 1,00 1,00 1,00 1,00 0,97 0,95 0,95 0,96 1,00 0,88 0,18 0,12 0,12 0,97 0,03 1,00 1,00 1,00 1,00 0,97
10 0,99 1,00 1,00 1,00 0,89 1,00 1,00 1,00 1,00 1,00 0,97 1,00 1,00 1,00 0,78 0,64 0,78 0,89 1,00 0,00 1,00 1,00 1,00 1,00 0,78
30 0,98 0,97 0,97 1,00 0,90 1,00 1,00 1,00 1,00 0,97 0,96 0,97 0,97 1,00 0,83 0,35 0,17 0,10 1,00 0,00 1,00 1,00 1,00 1,00 0,86
50 0,98 0,98 0,98 1,00 0,94 1,00 1,00 1,00 1,00 0,98 0,95 0,96 0,96 1,00 0,86 0,22 0,12 0,10 0,94 0,02 1,00 1,00 1,00 1,00 0,92
100 0,98 0,98 0,98 1,00 0,95 1,00 1,00 1,00 1,00 0,98 0,95 0,95 0,95 1,00 0,88 0,14 0,12 0,12 0,83 0,05 1,00 1,00 1,00 1,00 0,96
10 0,99 1,00 1,00 1,00 0,89 1,00 1,00 1,00 1,00 1,00 0,97 1,00 1,00 1,00 0,78 0,63 0,78 0,89 1,00 0,00 1,00 1,00 1,00 1,00 0,89
30 0,98 0,97 1,00 1,00 0,90 1,00 1,00 1,00 1,00 0,97 0,96 0,97 0,97 1,00 0,83 0,34 0,14 0,10 1,00 0,00 1,00 1,00 1,00 1,00 0,90
50 0,98 0,98 0,98 1,00 0,92 1,00 1,00 1,00 1,00 0,96 0,95 0,96 0,96 1,00 0,84 0,22 0,12 0,12 0,96 0,02 1,00 1,00 1,00 1,00 0,90
100 0,98 0,98 0,98 1,00 0,94 1,00 1,00 1,00 1,00 0,98 0,95 0,95 0,95 1,00 0,88 0,14 0,12 0,12 0,86 0,03 1,00 1,00 1,00 1,00 0,93

Large 
[0.5,1]

None

One at 
100%

Predictive 
accuracy

One at 
500%

Sensitivity

One at 
100%

One at 
500%

One at 
500%

One at 
100%

Specificity

None

Ratios Outliers Vidmar Laney Spiegelhalter Multiplicative Median rule MeasureSpiegelhalter Additive
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Discussion 
 Laney 

 fewest false alarms, but could not detect the outlier if N=10 with small p 
 failed to detect the outlier regardless of sample size with large p 

 Spiegelhalter 
 very high false-alarm rates (additive unusable), except multiplicative if N=10 
 additive fails if pi=1 or pi=0 (division by zero)   !? 

and plugging in 0.99 or 0.9999 (0.01 or 0.0001) makes big difference !? 
(while winsorising p‘s is not a solution in that case: 
those points may be outliers plus it would still fail if  >10% 0‘s or 1‘s) !? 

 additive made it to the UK legislation (NHS)   !? 
 Median rule 

 better than Laney with small p if N=10 
 higher false-alarm rate if N=30+ 

 Vidmar 
 with small p joint overall best with Laney but not insensitive if N=10  
 best overall for large p (followed by Spiegelhalter multiplicative)  
 clearly the best overall      
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Conclusions 
 We followed the reasoning of Mohammed and Laney that "it may be 

reasonable to undertake desktop comparisons of these different statistical 
approaches by using existing or simulated data sets" 

 We abide by their guideline that "the basic aim of SPC is to support 
continual improvement and not the construction of optimum statistical 
models" 

 Being (apparently) effective and simple, our approach appears to be useful 
for the purpose of continual improvement, which is the only answer that we 
can give to dismissing it as ad hoc and lacking a profound theoretical basis 

 Our approach follows the spirit of Shewhart by being simple; it also follows 
the Bayesian spirit by adjusting the α-level to sample size 

 A possible critique of our studies is that we could have used other simulation 
setups (different distributions, outliers simulated in different ways, including 
more outliers than just one, etc.), but there are infinite possibilities for 
simulations 
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Further work 
 Theoretical relations between our, Laney's and Spiegelhalter's funnel-plot 

behaviour (at least under the binomial model) 
 Our approach is not "tuned" in the sense of Spiegelhalter's, where 

winsorising is applied to eliminate (or at least reduce) the influence of 
potential outliers on the estimates 
 winsorising before fitting the regression line 
 robust regression methods 
 most of such procedures would compromise simplicity 
 two other approaches can also be tuned: Laney's approach by replacing the 

traditional Shewhart's multiplier 3 with z1–α (with α possibly adjusted for sample 
size), and the median rule by changing the factor a 

 Other alternatives 
 robust control charts based on diagnostic statistics 

 control charts for overdispersed data based on the COM-Poisson distribution 
 bootstrap tolerance intervals 
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Limitations 
 We did not address longitudinal monitoring 
 Our approach fits into the general frameworks devised by Spiegelhalter and 

associates 
 Hierarchical modelling framework for identifying unusual performance in health 

care providers (Ohlssen, Sharples & Spiegelhalter, JRSSA, 2007) – 3 stages 
 Exploratory 
 Modelling 
 Confirmatory 

 Comprehensive system of statistical strategies for healthcare rating, screening 
and surveillance (Spiegelhalter et al., JRSSA, 2012) – 3 regulatory functions 
 Rating organizations 
 Screening to target inspections 
 Continuous surveillance for arising problems 

 our approach could be extended along the time dimension by means of mixed 
(i.e., multi-level) models 

http://dx.doi.org/10.1111/j.1467-985X.2007.00487.x
http://dx.doi.org/10.1111/j.1467-985X.2011.01010.x
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Wider issues in SPC 
 What is an outlier?! 
 "Technical fixes" for overdispersion vs. why it exists?! 
 It is of major benefit for wide adoption of a statistical method if – in addition 

to theoretical soundness and good performance in realistic simulations – it is 
simple and thus understandable to a wide audience 
 implemented in Excel without VBA macros 
 R code used for simulations 

http://ibmi.mf.uni-lj.si/sl/centri/biostatisticni-center/programje
http://ibmi.mf.uni-lj.si/sl/centri/biostatisticni-center/programje
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