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Motivation: Bone marrow transplantation.

• BMT is an e�etive therapy in, e.g. aute and hroni leukemia

• High-dose hemotherapy brings the patient in remission

• Bone marrow from a donor is infused while the patient is inremission
• In the disease ourse after transplantation, a number of eventsmay our, inluding:� Graft versus host disease (GvHD) - an immune reation tothe infused bone marrow ells� Relapse� Death
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Figur 1: An extended model for BMT.
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Tabel 1: Desription of data from 2009 patients who underwent bonemarrow transplantation.Age (mean, SD) 31.9 15.4Female sex 896 44.6%Disease type AML 1406 70.0%Graft type BM only 1153 57.4%Karnofsky sore (mean, SD) 91.3 9.1 (25 missing values)Relapse 259 12.9%Death 737 36.7%Death and relapse 232 89.6% of patients with relapseAGvHD 590 29.4%CGvHD 630 31.4%A or C GvHD 989 49.2%A or C GvHD and relapse 104 10.9% of patients with GvHDA or C GvHD and death 400 40.4% of patients with GvHD
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NotationA multi-state model is a model for a stohasti proess, X(t), with�nite state spae, S;
Xi(t), i = 1, . . . , n are studied (some times assumed to be i.i.d.opies);

Xi(·) is observed when the "ensoring proess", Ci(t) = I(Ci ≥ t),takes the value 1; (more general ensoring is possible);i.i.d. ovariate proesses Zi(t) may also be available;

The observed data (Xi(t)Ci(t), Zi(t)Ci(t), t ≥ 0, i = 1, . . . , n)generate a �ltration (Ft).
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Basi parameters.

• Transition probabilities:
Phj(s, t | Fs−) = pr(X(t) = j | X(s−) = h,Fs−), h, j ∈ S, s < t

• Transition intensities αhj(t | Ft−), h, j ∈ S are given by:

αhj(t | Ft−) = lim
∆t→0

Phj(t, t + ∆t | Ft−)/∆t,

• State oupation probabilities: Qh(t) = pr(X(t) = h), h ∈ S.Models desribe how these parameters depend on time, t, and thepast, Ft−, possibly via regression models inluding the ovariates.
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Statistial models for intensities.This is a very well developed area. Several hazard models, knownfrom survival analysis, are available, inluding:

• Non-parametri model - the Nelson-Aalen estimator for theumulative intensity: Âhj(t) =
∫ t

0
dNhj(u)/Yh(u).

• Various parametri models, e.g. αhj(t | Ft−) onstant orpieewise onstant,
• Cox regression models: αhji(t) = αhj0(t) exp(βTZhji(t)),

• Additive hazard models, �exible ombinations of the two.Markov models where αhj(s, t | Fs−) only depends on Fs− via thestate, X(s−), oupied at s are partiularly well developed.More general semi-Markov models may be studied usingtime-dependent ovariates. 7
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Figur 2: Nelson-Aalen estimates and estimates based on pieewise on-stant intensities for transitions out of state 0.9
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(b)Figur 3: Nelson-Aalen estimates and estimates based on pieewise on-stant intensities for transitions out of state 1.Both �gures use 10 in-tervals for the pieewise onstant model, with ase (b) having moreut-points at the very beginning of the follow-up time.10



Tabel 2: Cox models for transition intensities in the illness-death mo-del taking into aount graft versus host disease as a time-dependentvariable (ombined aute and hroni - whihever happens �rst).

0 → 1 0 → 2 1 → 2

β SE p β SE p β SE pdisease(AML vs. ALL) 0.563 0.130 <0.001 0.334 0.098 <0.001 -0.271 0.142 0.055age(per 10 years) -0.040 0.045 0.370 0.263 0.033 <0.001 -0.002 0.050 0.970graft type(BM only vs. other) 0.126 0.135 0.350 0.085 0.096 0.370 -0.046 0.172 0.790GvHD -0.184 0.134 0.170 1.040 0.098 <0.001 0.103 0.141 0.470
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Tabel 3: Poisson models for transition intensities in the illness-deathmodel taking into aount graft versus host disease (ombined). Thefollow-up time is split into 10 intervals.

0 → 1 0 → 2 1 → 2

β SE p β SE p β SE pdisease(AML vs. ALL) 0.571 0.130 < 0.001 0.310 0.106 0.003 -0.264 0.142 0.062age(per 10 years) -0.035 0.045 0.431 0.257 0.035 < 0.001 -0.010 0.049 0.835graft type(BM only vs. other) 0.131 0.136 0.335 0.191 0.102 0.061 -0.010 0.173 0.953GvHD -0.188 0.134 0.160 1.138 0.106 < 0.001 0.083 0.141 0.457
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Statistial models for probabilities:1 - No ovariates, Markov - plug-in.

• Non-parametri models: Aalen-Johansen both for Phj(s, t) andfor Qh(t): P̂(s, t) =
∏t

s

(
I + dÂ(u)

)
.

• Constant intensities: exponential formula for Phj(s, t) andthereby Qh(t), i.e. for d = t − s:
P(d) = exp(dA) = Vdiag(eρd)V−1 where ρ are the eigenvaluesfor the intensity matrix, A, and V the matrix of eigenvetors

• Pieewise onstant intensities: exponential formula for Phj(s, t)and Chapman-Kolmogorov equations:
Phj(s, t) =

∑
l∈S Phl(s, u)Plj(u, t), s < u < t.
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Figur 4: Kaplan-Meier estimate and estimate based on a pieewiseonstant hazard in the two-state model.14
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Figur 5: Cumulative inidene estimates: Aalen-Johansen and pieewi-se onstant hazards. 16
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Figur 6: Aalen-Johansen (Kaplan-Meier) estimate for leukemia-freesurvival funtion. 17



Statistial models for probabilities:2 - No ovariates, non-Markov.

• For Qh(t), Datta & Satten (2001, Stat. & Prob. Letters) showedthat Aalen-Johansen works.1. Nelson-Aalen: ∫ t

0
dNhj(u)
Yh(u) estimates ∫ t

0
α̃hj(u)du where

α̃hj(t) = lim∆t→0 pr(X(t + ∆t) = j | X(t−) = h)/∆t,2. 1
n
Y(0)TP̂(0, t) estimates Q(t).

• For a transient state, Pepe (1991, JASA) estimated Qh(t) byKaplan-Meier di�erenes, e.g. illness-death model, T = time todeath, S = time to illness, 1 ∼ alive with illness
Q̂1(t) = ŜT (t) − ŜS∧T (t).
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Example: testing the Markov assumption.Add time-dependent ovariate to model for α12(·):

• Cox model, oe�ient for I(t − Ti1 > d0) is -1.43, P < 0.001,

• Cox model, oe�ient for Ti1 is 0.07, P < 0.001,

• Poisson model, oe�ient for t − Ti1 is -0.03, P < 0.001,
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Figur 7: The Aalen-Johansen estimator and the Pepe Kaplan-Meierdi�erene estimator for the state oupation probability Q1(t) in athree-state illness-death model. 20



Meira-Mahado et al. estimatorFor the illness-death model without reovery, Meira-Mahado, deUna-Alvarez & Cadarso-Suarez (2006, LIDA), derivednon-parametri estimators for Phj(s, t) using Kaplan-Meier integrals:Let T̃i, S̃i be the (possibly ensored) times to death/illness and let wibe the �Kaplan-Meier weight� for T̃(i), i.e.
wi = P̂ (T = T̃(i)) =

D(i)

n − i + 1
Ŝ(T̃(i−1)).Then:

P̂01(s, t) =

∑
i wiI(s < T̃i ∧ S̃i ≤ t, T̃i > t)

ŜT∧S(s)
.
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The numerator is a Stute (1996, SJS) Kaplan-Meier integral:

KMI =
1

n

∑

i

wiφ(T̃i, Zi).Also expressions for P̂00(s, t) (simple!) and for P̂11(s, t) (less simple)are presented.
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(b)Figur 8: Estimated transition probabilities in a three-state illness-deathmodel using the Meira-Mahado estimators and the Aalen-Johansenestimators: (a) P01(0, t), P02(0, t); (b) P12(6.22, t).23



Statistial models for probabilities: 3 - Regression.

• Markov proesses� Plug-in, i.e. Phj(s, t) and Qh(t) may be predited for given(time-�xed) ovariates;1. Andersen, Hansen & Keiding (1992, SJS): general Markovproesses with Cox type intensities2. Cheng, Fine & Wei (1998, Biometris): ompeting riskswith Cox hazards3. Sheike and Zhang (2003, Biometris): ompeting risks with�exible �Cox-Aalen� hazards� no simple relation between ovariates and probabilities.
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Figur 9: Cumulative inidene estimates for AML patient, 32 years,BM only. 25



• Non-Markov:� Plug-in for Datta-Satten and Pepe estimators of Qh(t), no simplerelation between ovariates and probabilities.� Generalize Meira-Mahado et al.?� For some semi-Markov proesses modelled using time-dependentovariates for duration e�ets, e.g. illness-death model withoutreovery, plug-in may be used.
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Statistial models for probabilities:4 - Diret regression models.

• Competing risks:� Fine & Gray (1999, JASA), loglog model,� Fine (2001, Biostatistis), general links� (Sub-distribution) hazard for
T ∗ = T · I(X(∞) = h) + ∞ · I(X(∞) 6= h) is

α̃0h(t) = − d
dt

log(1 − P0h(0, t)), model:
log(α̃0h(t | Z) = log(α̃0h0(t)) + βTZ where β is estimated bypartial likelihood with no or known ensoring and by anIPCW sore equation with general ensoring.
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• General approahes:� pseudo-observations (Andersen, Klein et al., 2003, Biometrika;2004, LIDA; 2005, Biometris; 2007, SJS),� Diret binomial regression using inverse probability of ensoringweights (Sheike & Zhang, 2007, SJS; Sheike, Zhang & Gerds,2008, Biometrika).
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Diret models for probabilities:1. Pseudo-observations:
θ̂(t) estimator based on entire sample, θ̂−i(t) estimator based on dataobtained by deleting i.

Pseudo-observation no. i is then given by
θ̂i(t) = n · θ̂(t) − (n − 1) · θ̂−i(t).These are used as outome variables in standard regression modelsusing GEE and sandwih estimator for varianes.
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2: Diret binomial regression (�rst: ompeting risks model).Without ensoring, I(Xi(t) = h) is observed and an be used asoutome variable.With ensoring, let
Vi = TiI(Ci > Ti, Xi(∞) = h) +∞(I(Xi(∞) 6= h) + I(Ci < Ti)); then

E

(
I(Vi ≤ t)

SC(Vi)

)
= pr(Xi(t) = h).Then inverse probability of ensoring weights an be used in theregression.1. and 2. shown by Graw, Gerds & Shumaher (2007) to beequivalent (for ompeting risks model):

θ̂i(t) = I(Xi(t)=h,Ti≤Ci)
SC(Ti)

+ oP (1).Generalizability beyond ompeting risks: Sheike & Zhang (2007,SJS). 31



Tabel 4: Estimates in diret regression models for umulative iniden-es. Fine & Gray pseudo - loglog pseudo - logit

β SE p β SE p β SE prelapsedisease 0.472 0.131 <0.001 0.394 0.147 0.007 0.415 0.155 0.008age -0.093 0.045 0.040 -0.089 0.050 0.077 -0.095 0.053 0.074graft type 0.057 0.125 0.650 0.093 0.140 0.509 0.098 0.148 0.509deathdisease 0.337 0.097 0.001 0.363 0.121 0.003 0.409 0.134 0.002age 0.282 0.032 <0.001 0.268 0.040 <0.001 0.297 0.045 <0.001graft type -0.085 0.090 0.343 -0.100 0.121 0.408 -0.111 0.134 0.409
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Interval-ensored dataAll of the above methods assume ontinuous observation, i.e. times oftransitions are observed exatly (if observed).

For interval-ensored survival data, the survival funtion may beestimated non-parametrially by the Turnbull estimator.

For multi-state Markov models, exept for a few speial ases, onlyparametri inferene (in partiular for models with onstant orpieewise onstant intensities) seems to be available.

Perhaps, this is all that we an hope for?
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SummaryWhat is available:
• Transition intensities, ontinuous observation - all you an fany!

• State oupation probabilities, ontinuous observation - not bad!

• Transition probabilities, ontinuous observation, Markovproesses, no ovariates - all you an fany!

• Transition probabilities, ontinuous observation, non-Markovproesses, no ovariates - not muh, exept illness-death model.

• Transition probabilities, ontinuous observation, Markovproesses, regression - plug-in works but no simple parameters.Diret regression tehniques are emerging.
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• State oupation probabilities, ontinuous observation, regression- plug-in works but no simple parameters. Diret regressiontehniques are emerging.
• Transition probabilities, ontinuous observation, non-Markovproesses, regression - not muh.
• Interval-ensored data, Markov - parametri inferene (inl.regression) for intensities, otherwise not muh.
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Speial methods are available for:1. Competing risks,2. Illness-death,3. Reurrent events4. �Forward� proesses (inl. illness-death) using time-dependentovariates.
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